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a b s t r a c t
In this paper, we prove that non-circulant vertex-transitive tournaments of order pq, where
p and q are distinct odd primes, are metacirculant tournaments (defined in Definition 2.1)
satisfying some special conditions; see Theorem 1.2. So, in combination with the work
in Jing Xu (2010) [11], a complete classification of vertex-transitive pq-tournaments is
obtained. As a by-product, we construct examples of non-Cayley vertex-transitive pq-
tournaments where q2|(p − 1) in Example 2.5. Moreover, applying the classification of
vertex-transitive pq-tournaments, we determine all 2-closed (in Wielandt’s sense) odd-
order transitive permutation groups of degree pq and show that each of them is the full
automorphism group of some tournament.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
1.1. Background and main results
A tournament is a digraph Γ such that for any two vertices v,w, exactly one of the ordered pairs (v,w) and (w, v) is an
arc of Γ , and we say that Γ is vertex-transitive if its full automorphism group is transitive on the vertex set.
Throughout the paper, by p and qwe shall denote distinct odd prime numbers, p being the larger one. Moreover, for any
positive integerm, let Zm be the additive group of integers modulom and let Z∗m denote the multiplicative group of units of
the ring of integers modulom. In addition, we reserve the letter Zm for the abstract cyclic group of orderm.
In this paperwe complete the classification of vertex-transitive tournaments of order pqwhichwas initiated in [11]where
circulant pq-tournaments are well characterized. We record the main result of [11] below. For the detailed explanation of
the notation see Sections 1.2 and 2.1.
Theorem 1.1 ([11, Theorem 4.3]). Suppose that Γ is a vertex-transitive tournament of order pq where p and q are distinct odd
primes. Then one of the following holds.
1. Γ is a normal circulant.
2. Γ = Γ2[Γ1]where Γ1 is a vertex-transitive tournament of order p or q and Γ2 is a vertex-transitive tournament of order q or
p; in particular, Γ is a circulant and moreover, in this case, Aut(Γ ) = Aut(Γ1) ≀ Aut(Γ2).
3. Γ is a (q, p)-directed metacirculant but not a circulant; moreover Aut(Γ ) = Zp o Zt where q|t and t|p− 1.
The above theorem tells us that circulant pq-tournaments belong to the first two types of Theorem 1.1, that is, such a
tournament is either of lexicographic product form or a normal circulant. So to complete the classification of all vertex-
transitive tournaments of order pq, a thorough analysis of those non-circulant tournaments appearing in the third type is
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needed. Noting that Theorem 1.1 also implies that the automorphism group of such a tournament Γ is metacyclic, it then
follows that Γ is a metacirculant digraph; see for example [7, Theorem 3.6].
In Section 2, we explain and analyze the metacirculant tournaments in a constructive approach which was introduced
by Alspach and Parsons in [1]. In fact, a metacirculant tournament of order pq can be completely determined by an array
(q, p, α, S0, . . . , Sq−1) of the structure parameters; seeDefinition 2.1. By analyzing these structure parameters, wewill prove
the following characterization for non-circulant vertex-transitive tournaments of order pq, which is one of the main results
of this paper.
Theorem 1.2. Suppose that Γ is a vertex-transitive tournament of order pq where p > q > 2 are primes. Suppose further that
Γ is not a circulant. Then,
1. q|p− 1 and Aut(Γ ) = Zp o Zt for some odd integer t such that q|t and t|p− 1.
2. Γ = T (q, p, α, S0, . . . , Sq−1) is a (q, p)-metacirculant tournament defined in Definition 2.1 where α ∈ Z∗p is of odd order t;
moreover, 0 < |Si| < p and αSj ≠ Sj for some i ∈ {1, . . . , q− 1} and some j ∈ {0, 1, . . . , q− 1}.
Conversely, each tournament appearing in (2) with q|t is a vertex-transitive non-circulant tournament of order pq.
As an interesting by-product, we also give examples of non-Cayley vertex-transitive tournaments of order pq where
q2|(p− 1); see Example 2.5.
Now combining Theorems 1.1 and 1.2, we complete the classification of vertex-transitive pq-tournaments. We remark
here that this classification is done not only by describing graph-theoretical structure, but also in terms of the whole
automorphism group. So this result can be used to help classify certain classes of transitive permutation groups of degree
pq.
Recall that the 2-closure (see [10]) G(2) of a permutation group G on Ω is the largest subgroup of Sym(Ω) with the
same set of orbits on ordered pairs as G. We say that G is 2-closed if it is equal to its 2-closure, and it is easy to see
that the full automorphism group of a digraph is 2-closed. Furthermore, we observe that the orders of the automorphism
groups of vertex-transitive tournaments are odd. Therefore we have that the full automorphism group of a vertex-transitive
tournament is a 2-closed odd-order transitive permutation group.
In this paper, we also study 2-closed odd-order transitive permutation groups of degree pq by using the above
classification. Our purpose is to obtain the complete classification of such groups and prove that each of them is the full
automorphism group of some tournament. We state the main result below which is proved in Section 3.
Theorem 1.3. Suppose that G is a 2-closed odd-order transitive permutation group of degree pq where p > q are odd primes.
Then G is the full automorphism group of some tournament. Moreover, one of the following holds:
1. G has a normal regular subgroup Zpq and G = Zpq o K where K ≤ Aut(Zpq) is of odd order.
2. G = G1 ≀ G2 or G2 ≀ G1 where Zp ≤ G1 ≤ Zp o Zp−1 and Zq ≤ G2 ≤ Zq o Zq−1 are both of odd order; moreover G acts
imprimitively on B×∆ or ∆× B respectively where |B| = p and |∆| = q.
3. There exists a positive odd integer t with q|t and t|p − 1 such that G is permutational isomorphic to ⟨ρ⟩ o ⟨τ ⟩ ∼= Zp o Zt
acting onΩ = {vij |j ∈ Zp, i ∈ Zq} by (vij)ρ = vij+1, (vij)τ = vi+1αj where α ∈ Z∗p with order t.
Conversely, each odd-order group of the above three types is 2-closed.
Finally, we discuss some further questions. As wementioned in [11], an important motivation of this research is to study
the 2-closed transitive permutation groups which are not the full automorphism groups of any digraphs; see [13, Question
1]. In fact, Babai [2] proved thatwith five exceptions, every finite regular permutation group (whichmust be 2-closed) occurs
as the automorphism group of a digraph in 1980. In this paper, as another illustration, using the classification of vertex-
transitive pq-tournaments, especially the knowledge of the full automorphism groups of these tournaments, we prove that
every 2-closed odd-order transitive group of degree pq occurs as the automorphism group of a tournament.
Our results can be put into a larger framework. Amore general class of graphs is the vertex-transitive pq-(di)graphs. In fact
the classifications of vertex-transitive pq-graphs and pq-digraphs have been given in [8,9]. In addition, the full automorphism
groups of vertex-transitive pq-graphs are known; see [5, Corollary 3.3]. More detailed analysis of these results may help us
analyze 2-closed transitive permutation groups of degree pq too. For example, a good starting point is [5, Theorem 2.4]
which studied imprimitive transitive groups of degree pq and similar techniques from Dobson’s paper [5] may be used to
determine 2-closed such groups. So our further aims are to determine 2-closed transitive groups of degree pq and to see
whether each of them is the automorphism group of some pq-digraph.
1.2. Terminology
A digraph Γ = (V , AΓ ) consists of a non-empty set V = V (Γ ) of vertices and a subset AΓ (sometimes written as A(Γ ))
of ordered pairs from V , called arcs. For digraphs Γ = (V , AΓ ) andΣ = (W , AΣ), the lexicographic product Γ [Σ] of Σ by
Γ is the digraph (V ×W , A(Γ [Σ])) such that ((v1, w1), (v2, w2)) is an arc if and only if either (v1, v2) ∈ AΓ , or v1 = v2
and (w1, w2) ∈ AΣ .
Nextwe introduce some concepts and notation concerning Cayley digraphs.We shall give the definition and construction
of metacirculant tournaments in Section 2.1.
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Given a finite group G, and a subset S ⊂ G \ {1}, the Cayley digraph Γ = Cay(G, S) with respect to S is defined as the
directed graph with vertex set G and arc set AΓ = {(g, sg) | g ∈ G, s ∈ S}. Moreover, a Cayley digraph of a cyclic group is
called a circulant. Since the right regular representation R(G) is contained in Aut(Γ ), the Cayley digraph is certainly vertex-
transitive. In fact, a vertex-transitive digraph is a Cayley digraph if and only if its automorphism group contains a regular
subgroup.
Let Aut(G, S) = {σ ∈ Aut(G) | Sσ = S}. Then each element in Aut(G, S) induces an automorphism of the Cayley digraph
Γ = Cay(G, S). Moreover the normalizer of R(G) in Aut(Γ ) is R(G) o Aut(G, S). A Cayley digraph Γ = Cay(G, S) is called
normal if R(G) is normal in Aut(Γ ), that is, Aut(Γ ) = R(G) o Aut(G, S); see [12]. In the case where Γ is a normal circulant,
Aut(Γ ) is known clearly as the automorphism group of the cyclic group is clear, and hence Γ may be explicitly constructed.
That is why this concept is important in the classification work on circulants.
For further graph- and group-theoretic concepts, we refer the reader to [3,4].
2. Metacirculant tournaments of order pq
Metacirculant (di)graphs were defined by Alspach and Parsons in [1], though they only described undirected
metacirculant graphs, it is easy to generalize the construction to directed metacirculants. Generally speaking, a digraph is
called ametacirculant if its automorphismgroup contains a transitivemetacyclic group. For a detailed constructive definition
of metacirculants, see [1, Section 3]. Note that cyclic groups are metacyclic, so circulants are all metacirculants, but the
converse is not true.
2.1. Basic notation and definitions
In this section we describe only the metacirculant tournaments appearing in Theorem 1.1(3) by using the constructive
approach introduced in [1].
For any positive integer m, recall that Zm is the additive group of integers modulo m and Z∗m is the multiplicative group
of units of the ring of integers modulom.
To give the constructive definition of the metacirculant pq-tournaments, we need first the parameters of the
corresponding transitive metacyclic automorphism subgroup. In view of Theorem 1.1(3), we may suppose that q|p − 1
and we start from the following special transitive permutation group G.
Suppose that q|t and t|p− 1 for some odd integer t . Define
Ω = {vij |i ∈ Zq, j ∈ Zp}
where superscripts and subscripts are always reduced modulo q and p, respectively. Let α ∈ Z∗p such that o(α) = t . Let
G = ⟨ρ, τ ⟩ ≤ Sym(Ω), where
(vij)
ρ = vij+1, (vij)τ = vi+1αj .
Then o(ρ) = p, o(τ ) = t and G = ⟨ρ⟩ o ⟨τ ⟩ is metacyclic. Moreover the point stabilizer Gv00 = ⟨τ q⟩ ∼= Z tq .
Suppose further that Γ is a tournament with the vertex setΩ such that Aut(Γ ) ≥ G = ⟨ρ, τ ⟩, that is, Γ is a G-vertex-
transitive metacirculant tournament.
For each r ∈ {0, . . . , q−1}, let Sr = {s ∈ Zp|(v00, vrs ) is an arc inΓ }. Thus the union∪q−1r=0 Sr determines the neighborhood
of the vertex v00 . Since Γ is G-vertex-transitive, it is easy to conclude that the remaining arcs of Γ are given by
A(Γ ) = {(vij, vi+rh )|h− j ∈ αiSr , 0 ≤ r ≤ q− 1}.
So far, we have associated structure parameters (q, p, α, S0, . . . , Sq−1)with Γ .
Next we determine what conditions these sets Sr must satisfy when Γ is a G-vertex-transitive tournament. Since Γ
is a tournament, the induced subgraph on B0 = {v0j |j ∈ Zp} is the tournament Cay(Zp, S0) such that ⟨ρ, τ q⟩|B0 ≤
Aut(Cay(Zp, S0)). It is easy to show that S0 satisfies the following conditions (see for example [11, Section 3] for a proof):
S0 ⊂ Zp \ {0}, S0 ∩ (−S0) = ∅, S0 ∪ −S0 = Zp \ {0}, αqS0 = S0.
Further for each r ∈ {0, . . . , q − 1}, let s ∈ Sr ; then (v00, vrs ) is an arc. Note that ((v00)τ q , (vrs )τ q) = (v00, vrsαq) is also an
arc, so αqs ∈ Sr . Therefore αqSr = Sr for each r ∈ Zq. Moreover, as Γ is a tournament, (v00, vrs ) is an arc if and only if (vrs , v00)
is not an arc. Therefore−s ∉ αrSq−r if and only if s ∈ Sr . It follows that for i = 1, . . . , q−12 , Sq−i = Zp \ α−i(−Si).
We summarize the above conditions as follows.
(1) S0 ⊂ Zp \ {0}, S0 ∩ (−S0) = ∅, S0 ∪ −S0 = Zp \ {0}.
(2) For i = 1, . . . , q−12 , Sq−i = Zp \α−i(−Si). (This tells us that Sq−i is completely determined by Si for each i = 1, . . . , q−12 .)
(3) αqSr = Sr for each r ∈ {0, . . . , q− 1}.
(4) A(Γ ) = {(vij, vi+rh )|h− j ∈ αiSr , 0 ≤ r ≤ q− 1}.
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As in [1], we give the following definition.
Definition 2.1. If α ∈ Z∗p is of odd order t with q|t , and if S0, . . . , Sq−1 are subsets of Zp satisfying conditions (1)–(3), then
we define the (q, p)-metacirculant tournament Γ = T (q, p, α, S0, . . . , Sq−1) to be the digraph with vertex setΩ and with
arc set A(Γ ) given by (4).
It is straightforward to check that Γ = T (q, p, α, S0, . . . , Sq−1) is indeed a vertex-transitive tournament with ⟨ρ, τ ⟩ ≤
Aut(Γ ). Therefore we have proved the following result which is analogous to [1, Theorem 1].
Theorem 2.2. Themetacirculant Γ = T (q, p, α, S0, . . . , Sq−1) defined in Definition 2.1 is indeed a vertex-transitive tournament
with ⟨ρ, τ ⟩ ≤ Aut(Γ ). Conversely, any tournament Γ ′ with vertex setΩ and ⟨ρ, τ ⟩ ≤ Aut(Γ ′) is one of the (q, p)-metacirculant
tournaments constructed in Definition 2.1.
2.2. The classification
The following proposition determines the conditions on the structure parameters of Γ = T (q, p, α, S0, . . . , Sq−1)which
will result in Γ being non-circulant.
Proposition 2.3. With the notation of Section 2.1, let Γ = T (q, p, α, S0, . . . , Sq−1) be a (q, p)-metacirculant tournament where
α ∈ Z∗p is of odd order t with q|t. Then Γ is not a circulant if and only if 0 < |Si| < p and αSj ≠ Sj for some i ∈ {1, . . . , q− 1}
and some j ∈ {0, 1, . . . , q− 1}.
Proof. Suppose that Γ = T (q, p, α, S0, . . . , Sq−1) is a circulant with vertex set Ω = {vij |i ∈ Zq, j ∈ Zp}. Since Γ is a
vertex-transitive pq-tournament, by [11, Theorem 4.3], either Γ is of lexicographic product form or Γ must be a normal
circulant.
Note that Aut(Γ ) ≥ ⟨ρ, τ ⟩, where (vij)ρ = vij+1, (vij)τ = vi+1αj . Suppose first that Γ is of lexicographic product form.
By [11, Theorem 4.3], Aut(Γ ) has a block of order p and ⟨ρ⟩ < Zqp ≤ Aut(Γ ). Thus |Si| = 0 or p for each i ∈ {1, . . . , q− 1}.
Next we suppose that Γ is a normal circulant. Then there exists an automorphism θ with order q, such that ⟨ρ⟩ × ⟨θ⟩ is
a normal regular subgroup in Aut(Γ ). Let Bi = {vij |j ∈ Zp} for each i ∈ Zq, and let B = {B0, . . . , Bq−1}. Then B is a block
system of Aut(Γ ). Let K be the kernel of Aut(Γ ) on B; we have that K ≤ Zp o Zp−1, and Aut(Γ )/K ≤ Zq o Zq−1. Without
loss of generality, we may suppose that θτ ∈ K . As ⟨θ⟩ E Aut(Γ ), (θτ )q = θ lτ q ∈ K for some integer l. Recall that τ q ∈ K
and (vij)
τ q = viαqj; it follows that (θτ )qτ−q = θ l ∈ K and so θ l = 1. Thus (θτ )q = τ q, and so (vij)θτ = viαj for each vij ∈ Ω .
Therefore αSj = Sj for each j ∈ {0, . . . , q− 1}.
Conversely, let Γ = T (q, p, α, S0, . . . , Sq−1) be a (q, p)-metacirculant tournament. If αSj = Sj for each j ∈ {0, . . . , q−1},
then σ : vij → viαj is an automorphism of Γ , and τσ−1 : vij → vi+1j . Thus ⟨ρ⟩ × ⟨τσ−1⟩ is a regular cyclic subgroup of
Aut(Γ ). If |Si| = 0 or p for each i ∈ {1, . . . , q− 1}, then Γ is of lexicographic product form and hence it is a circulant.
Therefore, we have proved that Γ is not a circulant if and only if 0 < |Si| < p and αSj ≠ Sj for some i ∈ {1, . . . , q − 1}
and some j ∈ {0, 1, . . . , q− 1}. 
We are now ready to prove Theorem 1.2.
The Proof of Theorem 1.2. Let Γ be a non-circulant vertex-transitive tournament of order pq. By [11, Theorem 4.3], we
have that Aut(Γ ) = Zp o Zt , where t is an odd integer such that q|t and t|p − 1. Suppose that Aut(Γ ) = ⟨ρ⟩ o ⟨τ ⟩ with
o(ρ) = p and o(τ ) = t . For i ∈ {0, . . . , q − 1}, let Bi = {vij |j ∈ Zp} be the orbits of the minimal normal subgroup ⟨ρ⟩,
and let B = {B0, . . . , Bq−1}. Since ⟨ρ⟩ is semiregular, we may suppose that ρ : vij → vij+1. As τ is transitive on B and τ q
fixesB, up to permutational isomorphism, there exists α ∈ Z∗p with order t such that we may suppose that τ : vij → vi+1αj .
By Theorem 2.2, we have that Γ = T (q, p, α, S0, . . . , Sq−1) is a (q, p)-metacirculant tournament defined in Definition 2.1.
Since Γ is not a circulant, by Proposition 2.3, we have that 0 < |Si| < p and αSj ≠ Sj for some i ∈ {1, . . . , q− 1} and some
j ∈ {0, 1, . . . , q− 1}.
Conversely, for each tournament Γ in (2) with q|t , Theorem 2.2 and Proposition 2.3 imply that Γ is a vertex-transitive
non-circulant pq-tournament with Aut(Γ ) ≥ Zp o Zt . 
Finally, combining Theorems 1.1 and 1.2, we can now easily construct all vertex-transitive pq-tournaments. In the next
subsection, we give an application of constructing an infinite family of non-Cayley vertex-transitive tournaments.
2.3. Non-Cayley vertex-transitive pq-tournaments
In [6], examples of vertex-transitive non-Cayley tournaments of order pk were given where p is an odd prime and k ≥ 4
is an integer. They are special cases of (pk−1, p)-metacirculant digraphs. In this subsection we give examples of non-Cayley
vertex-transitive tournaments of order pqwhere q2|(p− 1).
With the notation of Section 2.1, let Γ = T (q, p, α, S0, . . . , Sq−1) be a non-circulant metacirculant tournament with
vertex set Ω where α ∈ Z∗p is of odd order t with q|t; we say that α ∈ Z∗p is maximal in Aut(Γ ) if whenever βSi = Si for
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each i ∈ Zq and for some β ∈ Z∗p , then ⟨β⟩ ≤ ⟨αq⟩ ≤ Z∗p ∼= Zp−1. Note that Z∗p acts regularly on Zp \ {0} by multiplication;
it follows easily that if S1 is the orbit 1⟨α
q⟩ = {1, αq, α2q, . . . , α( tq−1)q}, then α is maximal in Aut(Γ ). We will use this fact to
construct our examples.
Lemma 2.4. With the notation of Section 2.1, let Γ = T (q, p, α, S0, . . . , Sq−1) be a non-circulant metacirculant tournament
with vertex set Ω where α ∈ Z∗p is of odd order t with q|t and α is maximal in Aut(Γ ). Then,
1. Aut(Γ ) ∼= Zp o Zt .
2. Γ is not a Cayley digraph if and only if q2|t.
Proof. Recall thatΩ = {vij |i ∈ Zq, j ∈ Zp}, and let ρ : vij → vij+1 and τ : vij → vi+1αj . Since Γ is not a circulant, it follows
from [11, Theorem 4.3] and Theorem 2.2 that Aut(Γ ) = Zp o Zk ≥ ⟨ρ⟩ o ⟨τ ⟩ for some odd integer k with k|p − 1 and
t|k. We may suppose that Aut(Γ ) = ⟨ρ⟩ o ⟨τ1⟩ with o(τ1) = k. For i ∈ {0, . . . , q − 1}, let Bi = {vij |j ∈ Zp} be the orbits
of ⟨ρ⟩, and let B = {B0, . . . , Bq−1}. Note that the kernel of Aut(Γ ) on B is ⟨ρ⟩ o ⟨τ q1 ⟩ ∼= Zp o Zk/q, so the point stabilizer
Aut(Γ )v00 = ⟨τ2⟩ ∼= Zk/q where τ2 is a conjugate of τ
q
1 . Note that τ
q fixes v00 too; we may suppose that τ2 : vij → viβj for
some β ∈ Z∗p with o(β) = k/q. Therefore, βSi = Si for each i ∈ Zq. Since α is maximal in Aut(Γ ), it follows that k = t and
Aut(Γ ) = ⟨ρ⟩ o ⟨τ ⟩. Thus (1) holds.
If q2 - t , then ⟨τ ⟩ = ⟨τ q⟩ × ⟨τ t/q⟩. Note that τ is transitive on B; it is easy to see that ⟨τ t/q⟩ is semiregular onΩ and so
⟨ρ⟩ o ⟨τ t/q⟩ is regular onΩ .
If q2|t , then ⟨τ t/q⟩ ≤ ⟨τ q⟩, fixingB. Note that any automorphism of order q is of the form ρuτ tv/q where u, v are integers
and v ∈ {1, . . . , q− 1}, and so is in the kernel of Aut(Γ ) onB. Therefore Aut(Γ ) does not contain any regular subgroups.
This completes the proof. 
As an application, we give the following example of non-Cayley vertex-transitive pq-tournaments where q2|(p− 1).
Example 2.5. Let q be an odd prime, it is well known that there are infinitely many primes p such that q2|p−1. Choose such
a prime p, and let α ∈ Z∗p be of order t = q2. Take S0 ∈ Zp such that Cay(Zp, S0) is a tournament with Aut(Cay(Zp, S0)) =
ZpoZq. The existence of such an S0 is guaranteed by [11, Corollary 3.6]. For i = 1, . . . , q−12 , take Si = {1, αq, α2q, . . . , α(q−1)q}
and Sq−i = Zp \ α−i(−Si). It is easy to check that the sets S0, S1, . . . , Sq−1 satisfy conditions (1)–(3) shown in the paragraph
preceding Definition 2.1. Construct Γ to be the (q, p)-metacirculant tournament T (q, p, α, S0, S1, . . . , Sq−1). Then Γ is a
non-Cayley vertex-transitive tournament of order pq. We see this in the following way. Since αS1 ≠ S1, Proposition 2.3
implies that Γ is not a circulant. In addition, the choice of S1 tells us that α is maximal in Aut(Γ ). By Lemma 2.4, we have
that Γ is a non-Cayley vertex-transitive tournament of order pq.
3. 2-closed odd-order transitive groups of degree pq
In this section, we continue the research into 2-closed odd-order transitive groups of degree pqwhich was also initiated
in [11]. For convenience, we quote [11, Theorem 5.4] which is the starting point of our work in this section.
Theorem 3.1 ([11, Theorem 5.4]). Suppose that G is a 2-closed odd-order permutation group of degree pq onΩ where p and q
are distinct odd primes. Then one of the following holds.
1. G has a normal regular subgroup Zpq and G = Zpq o K where K ≤ Aut(Zpq) is of odd order.
2. G = G1 ≀ G2 or G2 ≀ G1 where Zp ≤ G1 ≤ Zp o Zp−1 and Zq ≤ G2 ≤ Zq o Zq−1 are both of odd order; moreover G acts
imprimitively on B×∆ or ∆× B where respectively |B| = p and |∆| = q.
3. G = Zp o Zt is metacyclic where q|t and t|p− 1; moreover, G has no cyclic regular subgroup.
The above theorem tells us that there are three kinds of 2-closed odd order transitive groups of degree pq and each group
of the first two types contains a cyclic regular subgroup. Moreover, in [11, Theorem 5.5], we proved that each group of the
first two types is the full automorphism group of some circulant tournament and so is indeed 2-closed. In this section, we
study the groups of type (3) in the above theorem. Using Theorem 1.2, we will show that each group of type (3) is the full
automorphism group of some metacirculant tournament and so is indeed 2-closed too.
Lemma 3.2. Let t be an odd integer such that q|t and t|p − 1. Let Ω = {vij |j ∈ Zp, i ∈ Zq} and let G = ⟨ρ⟩ o ⟨τ ⟩ ∼= Zp o Zt
acting onΩ by (vij)
ρ = vij+1, (vij)τ = vi+1αj where α ∈ Z∗p is of order t. Then there exists a tournament Γ with vertex set Ω such
that Aut(Γ ) = G, and so G is 2-closed acting onΩ .
Proof. By [11, Corollary 3.6], we are able to take S0 ∈ Zp such that Cay(Zp, S0) is a tournament with Aut(Cay(Zp, S0)) =
Zp o Zt/q. For i = 1, . . . , q−12 , we take Si = {1, αq, α2q, . . . α(
t
q−1)q} and Sq−i = Zp \ α−i(−Si). It is easy to check that
S0, S1, . . . , Sq−1 satisfy conditions (1)–(3) shown in the paragraph preceding Definition 2.1. Let Γ = T (q, p, α, S0, . . . , Sq−1)
be a metacirculant tournament. Applying the same argument as in Example 2.5, by the choice of S1, we have that Γ is
not a circulant and α is maximal in Aut(Γ ). It now follows from Lemma 2.4 that Aut(Γ ) = G. Therefore G is 2-closed as
required. 
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Theorem 3.3. Suppose that G is a 2-closed odd-order transitive permutation group of degree pq where p > q are odd primes.
Suppose further that G contains no regular cyclic subgroups. Then q|p− 1 and the following results hold.
1. There exists a positive odd integer t with q|t and t|p − 1 such that G is permutational isomorphic to ⟨ρ⟩ o ⟨τ ⟩ ∼= Zp o Zt
acting onΩ = {vij |j ∈ Zp, i ∈ Zq} by (vij)ρ = vij+1, (vij)τ = vi+1αj where α ∈ Z∗p with order t.
2. There exists a metacirculant tournament Γ of order pq such that G = Aut(Γ ).
Conversely, each permutation group ⟨ρ⟩ o ⟨τ ⟩ ∼= Zp o Zt appearing in (1) is indeed 2-closed.
Proof. By [11, Theorem 5.4], we have that q|p − 1 and there exists a positive odd integer t with q|t and t|p − 1 such that
G = ⟨ρ⟩ o ⟨τ ⟩ ∼= Zp o Zt . For i ∈ {0, . . . , q− 1}, let Bi = {vij |j ∈ Zp} be the orbits of the minimal normal subgroup ⟨ρ⟩, and
let B = {B0, . . . , Bq−1}. Then Ω = B0 ∪ · · · ∪ Bq−1 = {vij |j ∈ Zp, i ∈ Zq}. Since ⟨ρ⟩ is semiregular, we may suppose that
ρ : vij → vij+1. As τ is transitive on B and τ q fixes B, up to permutational isomorphism, there exists α ∈ Z∗p with order t
such that we may suppose that τ : vij → vi+1αj . So (1) holds; now Lemma 3.2 completes the proof. 
The Proof of Theorem 1.3. It follows from [11, Theorems 5.4 and 5.5] and Theorem 3.3. 
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